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Statistical Tolerance Limits

 Consider a sample of n observations taken from a
continuous population.

XA .o; X

« Statistical tolerance limits create an interval that
bounds a specified percentage of the population at a
given level of confidence.

(such as 99% of the population with 95% confidence)

- These intervals are often used to demonstrate
compliance with a set of requirements or
specification limits.
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Example: Medical Devices

« Consider the following measurements of the diameter of
a sample n = 100 of medical devices:
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« The specification limits are 2.0 £ 0.1
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Assuming Normality

If we could assume that the data are a random
sample from a normal distribution, then a 95%
statistical tolerance interval for 99% of the
underlying population would be given by:

X* oS

K depends on the level of confidence 100(1-a)%
and the percentage of the population P to be
bound.
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General Approach for Constructing
Statistical Tolerance Limits

Step 1: Test data for normality.
— If normal dist. is tenable, calculate normal tolerance limits.

Step 2: If not normal, search for a normalizing transformation.

— If acceptable transformation is found, calculate normal
tolerance limits for transformed data and invert the limits.

Step 3: If transformation approach fails, try alternative
distributions such lognormal, extreme value or Weibull.

— If a good fit is found, calculate tolerance limits using that
distribution.

Step 4. If all else falls, calculate nonparametric tolerance
limits.
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Step 1: Test for Normality

B Distribution Fitting (Uncensored Data) - diameter

=8OR TS

Distribution Fitting (Uncensored Data) - diameter
Data variable: diameter (mm)

100 values ranging from 1.956 to 2.033

Fitted Distributions

Normal

mean = 198737

standard deviation =0.0172749

The StatAdvisor

This analysis shows the results of fitting a normal distnibution to the data on diameter. Tk
distribution are shown above. You can test whether the nommal distribution fits the data a
Tests from the list of Tabular Options. You can also assess visually how well the normal .
Histogram from the list of Graphical Options. Other options within the procedure allow v
critical values for the distribution. To select a different distribution, press the altemate mc

Tests for Normality for diameter

Test Statistic P-Value
Shapiro-Wilk W 0918122 93174E-7

The StatAdvisor
This pane shows the results of several tests run to determine whether diameter can be ade
The Shapiro-Wilk test is based upon comparnng the quantiles of the fitted normal distnibu

Since the smallest P-value amongst the tests performed is less than 0.03, we can reject the
distiibution with 3% confidence.

L] [
o [=]
O LI L L L L N L B L

L]
(-]

fraquency
o

Histogram for diameter

Distribution
— Hprmal

1 1
| 1.84 1.98 202 2.08
diameter

2.06

i
a
[x}

diametear
-
w
[=:]

1.94

Quantile-Guantile Plot

Distribution
— Hormal

1.9 1.84 1.98 202 2.08
Mormal distribution

statgraphics’

centurion




Tests for Normality

« Shapiro-Wilk test: recommended for sample
sizes between 3 and 5000.

* Anderson-Darling test: recommended for sample
sizes n > 5000.

* Chi-square test: recommended for heavily
rounded data. NOTE: be sure to set up classes
that match the rounding of the data.
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Warning: Beware of rounded data

Distribution Fitting (Uncensored Data) - X E@
Distribution Fitting (Uncensored Data) - X
Data variable: X Histogram for X
100 values ranging from 1.93183 to 2.04119
=" 15 Déstribution
L — Normal
Fitted Distributions L
Normal 12r
mean = 199849 o T
standard deviation = 0.0179663 2 ar
< L
3 L
The StatAdvisor 2 sb
This analysis shows the results of fitting a normal distribution to the data on X [
are shown above. You can test whether the normal distribution fits the data ads 3l
list of Tabular Options. You can also assess visually how well the normal distri F
the list of Graphical Options. Other options within the procedure allow you to ¢ o B
the distribution. To select a different distribution, press the alternate mouse bu p
Tests for Normality for X
Test Statistic P-Value
Chi-Square 1088 0965073 Quantile-Quantile Plot
Shapiro-Wilk W 0.978421 0446125
2051 Déstribution
— Normal
The StatAdvisor
This pane shows the results of several tests mun to determine whether X can be 03
chi-square test divides the range of X into 24 equally probable classes and com
number expected. The Shapiro-Wilk test is based upon comparing the quantile: 20F
the data. =
188
Since the smallest P-value amongst the tests performed is greater than or equal-
nommal distribution with 25% confidence. 197
185 ! I ! I I
1.95 1.97 1.99 2. 203 2.05
Normal distribution
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Warning: Beware of rounded data

e Distribution Fitting (Uncensored Data) - X =N =
Distribution Fittino (Uncensored Data) - X
Data varigble: X Histogram for X
; i Sto 2
100 values ranging from 1.95 to 2.04 20k sistrbution
F — Hormai
Fitted Distributions N
Normal 16
mean = 1 9984 I
standard deviation = 0.0184073 ? 12r
3L
The StatAdvisor 23
This analysis shows the results of fitting a normal distribution to the data on X +
are shown above. You can test whether the normal distribution fits the data ad: al
list of Tabular Options. You can also assess visually how well the normal distri [
the list of Graphical Options. Other options within the procedure allow vou to ¢ ol ]
the distribution. To select a different distribution, press the altemate mouse bu 19 192 Py 202 06
X
Tests for Normality for X
Test Statistic P-Value
Chi Square 17344 00 Quantile-Guantile Plot
Shapiro-Wilk W 0.833381 0.0083267
2051 Distribution
— Hormai
The StatAdvisor .
This pane shows the results of several tests run to determine whether X can be 203 -
chi-square test divides the range of X into 24 equally probable classes and com:
number expected. The Shapiro-Wilk test is based upon comparing the quantile: 20
the data. =
198
Since the smallest P-value amongst the tests performed is less than 0.03, we can
distribution with 93% confidence. 197l .
185 r L L 1 1 1
185 1.97 199 2.0 2.03 2.05
Nermal distribution
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Solution: bin the data

* Be sure classes match the rounding

. ]
Mumber of Clazses: 24 Distribution
I'I'I i —— HNormal
Cancel | r
. 2{} —
Laowwer Limnit: r
Help L
|1.945 16
E‘ r
IIpper Limnit S oL
| 2085 ¥ Hold g I
Diizplay L
* Histogram 4r
™ Rootogram oL . . : .
™ Suzpended rootogram 19 1.94 1.98 2.02 2.06
X

statgraphics’

centurion



Run chi-square test

Goodness-of-Fit Tests

[nzlude K

[ Chi-zquare
Canizel
[ uze equiprobable classes

Help

Pl

[ Eaolmagaoros-Smirnoy

[ Modified Ealmogarosy-Smiroy D
[ Euiper ¥

[ Crameron Mises W72

[ ‘watzon U™2

[ Anderson-Darling &°2

| Calculate distibution-specific P-v alues

Goodness-of-Fit Tests for X
Chi-Square Test

Lower |Lpper |Observed Expected
Limit |Limit |Freguency |Freguemcy |Chi-Sguare
at or below 1965 |2 348 0.63
1.963 1975 |3 6.70 0.43
1.973 1985 |20 13.13 3.37
1.983 1.993 19 19.34 0.01
1.993 2.003 17 21.33 (.38
2003 2013 18 17.64 0.01
2013 2023 10 10.94 0.08
2023 2035 |7 5.08 0.72
ghove 2033 2 2.34 0.05

Chi-Square =8.37303 with 6§ df P-Value = 382421
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Step 2: Search for normalizing transformation

 |f X does not follow a normal distribution, it may
be possible to find a power p such that XP is
normally distributed.

 |If so, normal tolerance limits may be constructed
for XP and then inverted to create limits for X.

* The general method of Box and Cox may be
used to find the best value of p.
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Statlets - Power Transformations

Power Transformations - diameter [ E ]
Fower [50 4 | addend: [0 [ Optimize adderd ¥ Include imits: [350 % 4] | v Update | Reset |

Quantile-Quantile Plot
Power:-5.0, Addend:0.0, RMSE:0.0173594, Shapiro-Wilk P-Value:0.0001
2.06

2.02

1.98

diameter

1.94

1.9 —; ! ! ! L
1.9 1.94 1.98 2.02 2.06
Normal quantile
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Power plus Addend

 |f a simple power transformation does not work,
an addend can be estimated as well:

Xt=X+0)"
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Power plus Addend

B2 Power Transformations - diameter |3
Tz | power [315 <] | | Addend: [1 73838 W Optimize addend ¥ Include limits: [950 % <] | 2| Update | Reset |

Quantile-Quantile Plot
Power:-3.15, Addend:-1.78688, RMSE:0.0161328, Shapiro-Wilk P-Value:0.7576

2.07
2.05
2.03

2.01

diameter

1.99

1.97

1.95

1.95 1.97 1.99 2.01 2.03 2.05 2.07
Normal quantile
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Tolerance Limits

FE] Process Capability Analysis - diameter (== |[=]
Frequency histagram - From: |1.9 To |2.DE Claszes: |20 j‘ " Sigma limits; | 3.0 ﬂ J ﬂ Two-zsided
Distributior: | Nomal | Addend: |1.78508 Power |-315  «| | | @ Tolerancelmits: |95%  w|for [390 % 4 N

Capability Plot with 95.0-99.0 Tolerance Limits
Normal Distribution (Mean=164.735,Std. Dev.=40.6898,Addend:-1.78688,Power:-3.13)

1.9 2.1
30 - Normality P-Values
C Shapiro-Wilk:0.7576
25 Dist. Fit P-Values
C A-D:0.7291
20 - Short-term Indices
> - Cp=4.017
c r 2.085 Cpk=1.101
g 15F DPM=477.986
o C
g C Long-term Indices
10 Pp=3.765
C Ppk=1.032
C DPM=981.793
S
D __I | | | |
1.8 1.85 1.9 1.95 2 2.05 21
diameter
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Step 3: Find an Alternative Distribution

« Statgraphics will calculate statistical tolerance limits
for the following distributions:
* Normal
* Lognormal
« Weibull
« Cauchy
« Exponential
« 2-parameter exponential
« Gamma
« Laplace
» Largest extreme value
* Pareto
« Smallest extreme value
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Distribution Fitting

« Comparison of alternative distributions

Comparison of Alternative Distributions

Distribution Est Parameiers Log Likelihood A2
Largest Extreme Value 2 270.696 0309344
Laplace 2 266.126 0923301
Loglogistic 2 265245 0.844600
Logistic 2 264 939 0.881328
Inverse Gaussian 2 261.022 1.83336
Lognormal 2 261.02 1.35076
Gamma 2 260.846 1.86193
Normal 2 260434 1.93765
Cauchy 2 257124 1.37669
Smallest Extreme Value 2 234 823 6.71725
Weibull 2 161.746

Pareto 1 -131.127 447816
Exponential 1 -168.691 45.1176
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frequency

Fitted Distributions

Histogram for diameter

k= Distribution
[ — Largest Extreme Value
- ---- Normal
251
20
15
10
5F
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1.9 1.94 1.98 2.02 2.06
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Goodness-of-Fit

To test goodness-of-fit for alternative
distributions, Anderson-Darling test is popular.

 Be sure to use “modified” form of the test, which
adjusts the test statistics and P-value to account

for estimated parameters.

I(zoodness-of-Fit Tests for diameter

Anderson-Darling A"2
Largest Extreme Value Normal
A2 0300344 1.93763
MModified Form 0315331 1.95262
P-Value >=0.10* 0.0000564085*
*Indicates that the P-Value has been compared to tables of critical values specially constructed for fitting the selected distnbution.

Other P-values are based on general tables and may be very conservative {except for the Chi-Square Test).
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Tolerance Limits

— Digtribution — Type of Limits
" Maomnal " Cauchy & Two-sided 2
™ Lognomal " Exporential 7 Lower limit only Cancel
7 wiheibul " Ewxporential [2-parameter)  Upper limit anly Help
" Mommal after transformation  Gamma
Power: I.ID— ! Laplace EJIIFIfidﬂ!_EVEk Fopulation Propaortion:
" Monparametiic [specified confidence] o Largest extreme value 0 % IEE.D %
[nterval Depth: I'l— " Pareto Threzhold: Fareto Threshold:
" Monparametic [specified proportion) " Smallest extrame value IUU— |1|:|—
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Tolerance Limits

[

[Eil=]

Process Capability Analysis - diameter

Frequency histogram - From: |1.9

Distribution: | Largest Extreme Valug j Addend: |0 Power: 1.0 ﬂ

Tor {206

Clagses: |20 j

" Sigma lirits: |3.0 ﬂ J
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ﬂ {* Taolerance limits: |95°/o
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Capability Plot with 95.0-89.0 Tolerance Limits

Largest Extreme Value Distribution (Mode=1.97962,Scale=0.0138082)

1.9 2.1
- 1.952 2.065
- -
| | | | | | |
1.8 1.85 1.9 1.95 2 2.05 2.1
diameter

Normality P-Values
Shapiro-Wilk:0.0000

Dist. Fit P-Values
A-D:»>=0.10

Short-term Indices
Cpk=1.283
DPM=59.651

Long-term Indices
Ppk=1.198
DPM=163.638
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Step 4: Nonparametric Limits

« Can specify either the population percentage or
the confidence level, but not both.

Dristribution
" Moarmal

(" Logrormal
7 wWeibull

" Marmal after transformnation

Faoveer: |1.0

{+ Monparametric [zpecified confidence)

Interval Depth: |1

" Maonparametrc [specified proportion)

Statistical Tolerance Limits Options
Type of Limits
" Cauchy * Two-gided ok
(" Exponential {7 Laweer lirnit arly Cancel
(" Ewponential [2-parammeter) " Upper limit anly Help
" Gamma
! Laplace Confidence Level  Population Propartion:

TR EETTR

Threzhold: FPareto Threshold:

(" Largest estreme value
" Pareto

" Smallest extreme value

- Tolerance interval is [ X g, X.gs1)]
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Nonparametric Limits

Nonparametric Tolerance Limits

30F 95-95.3433 Limits
L UTL: 2.053
; LTL: 1.956
25F
20 -
= f
S C
= 15+
= I | |
E I
10E | |
) .i I |
)] :_I -----
1.9 2.02

EEEEEE
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Sample Size Determination - Statistical Tolerance Limits

Sample Size Determination —
Nonparametric Limits

 How large a sample is needed so that the range
[min, max] forms a 95-99 tolerance interval?

* Morparametric

Type af Limits
&+ Two-sided

" Lawer limit only

" Upper lirmit anly

Confidence Level
95.0 %

Lower Spec. Limit:

200

Distribution

" Momal

b ean: Sigma:

|50.0 [10.0

" Lognarmal

Mean: Sigma: Threshold:
|50.0 [10.0 0.0

O wieibul

Shape: Scale: Threzhald:
|5.0 |50.0 oo

Population Propartion:

330 %

Upper Spec. Limit:

a0.0

]
Caticel

Help

du;

Allowance:

000

Sample Size Determination {Statistical Tolerance Intervals)

Conf Level Distribution

85.0%

FPop. Percentage
99.0%

The required sample size is 473.

Lower tolerance limit
smallest observation

Lpper tolerance limit
largest observation

statgraphics’

centurion



Sample Size Determination —
Parametric Limits

* How large should n be when fitting a normal or

some other distribution?

 Different approaches to the problem.

1. Choose n so that the probability of including
P*% or more of the population in the

tolerance interval 1s smal

. where P* > P.

2. Choose n so that the probability of the entire
tolerance interval being within the
specification limits is large.

statgraphics’

centurion



Example: LEV Distribution

Sample Size Determination - Statistical Tolerance Limits
Distribation
" Cauchy " MWommal
" Exponential " MWormal after ransformation Cancel
(" Exponential [2-parammeter) " Pareto Help
£ Gamma 7 Smallest extrame value
" Laplace " wWheibul
* Largest extreme value " Monpararnetric
" Lograrmal
Mode Scale
2.0 0.015 | |
Twpe aof Lirmits Confidence Level: Paopulation Propartion:

& Two-sided 95.0 % 33.0 %

€ Lower lirmit anly

o Lower Spec. Limit; |lpper Spec. Limit;
" Upper lirmit anly l'lﬂi lﬂi
Simulation
Inclugion Percentage: Mumber of Trials: b airnum n:

30.0 a 10000 30000
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Requires n=120 Observations

Largest extreme value distribution (n=120)
Mode=2.0, Scale=0.015

25 |-
20 -
15 F

10 F
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